1904-1905 


ANNALS MATHEMATICS 


(Founpep By Ormonp Srone) 


_ EDITED BY 
ORMOND STONE W. E. Byerty H. S. Waite 
F. S. Woops Maxime BoécHER 
E. V. HuntTINGToNn 


PUBLISHED UNDER THE AUSPICES OF HARVARD UNIVERSITY 


SECOND SERIES vol. 6 


FOR SALE BY 
THE PUBLICATION OFFICE OF HARVARD UNIVERSITY 
2 University Hall, Cambridge, Mass., U.S. A. 


London: Lonomans, Green & Co. Leipzig: Orro Harrassow!Tz 
39 Paternoster Row Querstrasse 14 


eeere 
eeeee 
cores 


eeree 


4 
d 
e . 
eee 
900006 
%e, 
san 
. 
= ot oe 
e 
. ot on 
. 
on™ 
Se 
| 
| 
| 
eeere 
“Pe 
. 
et ee 


' 
=a 
4 
i 
> 


ON THE SUBGROUPS OF AN ABELIAN GROUP 
By G. A. MILLER 


THE main object of this paper is to develop a convenient formula by means 
of which all the possible subgroups of a given abelian group may be directly 
written down. For this purpose it appears desirable to present some well 
known facts relating to the independent generators in a form which is especially 
suited to our point of view. The list of these facts is more complete than 
would be necessary for what follows, since it is hoped that the somewhat new 
form of many of them will make the list of interest and value in itself. 

1. Fundamental Theorems. Any abelian group (G) is the direct 
product of a number of cyclic subgroups C), C2, ---, C,. The groups C), 
O,,+++, C, may always be so chosen that the order of each of them is a 
power of a single prime number, In this case the number of these subgroups 
and their orders are fully determined by G provided none of them is the iden- 
tity.* That is, if G@ is also the direct product of the cyclic groups Cy’, Cy’, 
- + +,C),, where the order of each of these groups is again a power of a single 
prime, then it follows that m’ = m and that the groups C,, C), - + -, Cy, and 
C1’, Cy, - + +, Ch can be so arranged that the order of C, is equal to that of 
C(a=1,2,---,m). In particular when the order of G is a power of a 
prime the orders of C), Cy, - - -, C, are completely determined by G, for each 
must be a power of a single prime. In any case, the orders of Cy, Cs, - + -, 
C’,, are invariants of G whenever each of them is a power of a prime. 

When the order of eachof the independent generating cyclic subgroups 
Ci, Cy, + + +, Cy is a power of a single prime we obtain the largest possible 
number of independent subgroups of G. That is, neither G nor any of its sub- 
qroups can have more than m independent generators. We proceed to tind the 
smallest number of independent generators of G. The given subgroups Cj, 
C,, - ++ ,C,, may be arranged in rows such that the orders of all of those in 
one row are powers of the same prime and that the order of each is equal to or 
greater than the order of the one which follows it in the same row. — In case the 


* Unless the contrary is stated it willbe assumed that the order of every subgroup exceeds 
unity. Otherwise, the number of independent generating subgroups is indeterminate, as the 
identity can be added any number of times to these subgroups. 
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rows do not contain the same number, the vacant places may be tilled by the 
identity. Arranging these rows in the form of a rectangle we have 


Ci, Cy, C. 


By forming the products of all those in each column we obtain a inde- 
pendent cyclic subgroups such that the order of each is divisible by the orders 
of all those which follow it. These subgroups form the smallest possible num- 
ber of generating cyclic subgroups of G. The orders of these subgroups are 
commonly called the invariants of G, since any other system of independent 
generating eyelie subgroups in which every order is divisible by every fol- 
lowing order is composed of a groups of the same orders respectively. [It may 
be observed that a is the largest number of invariants in a Sylow subgroup® 
of G while i is equal to the sum of the numbers of invariants of all the Sylow 
subgroups of G. It is clear that the independent generators of G may be so 
selected that their number has any arbitrary value from atom, but this num- 
ber can have no other value. Moreover, G cannot be generated by less than 
a cyclic subgroups even if these subgroups are not independent. 

Whenever the independent generators of ( are so chosen that each of 
them is divisible by all those which follow it their number must be a, and when 
the order of each isa power of a single prime their number must be wm. These 
two numbers are equal only when the order of G is a power of a single prime. 
Since the former method leads to the smallest number of invariants it seems 
appropriate to call the orders of these independent generators the invariants of 
GF, although the latter method has some advantages. The choice of invariants 
such that their number lies between a and m seems less natural. We evident- 
ly arrive at the a invariants if we choose the independent generators in the or- 
dinary way; ¢.¢. start with an operator of highest order and then select any 
other operator such that the two generate the largest possible subgroup. The 
orders of two independent generators of this subgroup are the first two inva- 
riants of @. If we add to this subgroup another operator so that the three 
generate the largest possible subgroup, we arrive at the third invariant, ete. 


* If the order of a group is divisible by p2(p being a prime), but not by pa +1, its sub- 
sroups of order p* are called Sylow subgroups. 
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A marked difference between the two given methods of arriving at the 
invariants of G should perhaps be emphasized ; viz., the orders of the inde- 
pendent generators of G are completely determined by m, but not by a- That 
is, if two sets of m independent generating cyclic subgroups of G were given 
the orders of the subgroups ef one set would be the same as those of the other; 
but if two sets of a independent generating cyclic subgroups of G were given 
the orders of those of one set could generally vary a great deal from the or- 
ders of those of the other. The necessary and sufficient condition that the 
orders of these two sets be the same is that each of the Sylow subgroups of G@ 
contain the same number of invariants. 

If G is the direct product of a series of subgroups G,, G., ---, G, we 
may select a set of independent generators of G by taking any set of inde- 
pendent generators of each one of these subgroups. Suppose that G,, G, 
» ++, Gy are the Sylow subgroups of G. Any operator()of G will have a con- 
stituent, which may be the identity, from each one of these subgroups and 
the order of ¢ will be the product of the orders of these constituents. In or- 
der to determine the number of the operators of a given order in G it is only 
necessary to determine the number of operators of a given order in each of the 
Sylow subgroups. That is, if the order of is pp pr py, Pass Da 
being prime numbers), the number of operators of G whose order is equal to 
the order of ¢ is the product of the numbers of operators of orders ps, p%, 

- +, pts in the respective Sylow subgroups of G. We proceed to determine 
this number. 
2. Number of operators of a given order in a group of order ))”. 
Let be any group of order p” whose invariants are p™, p™, pty 
(aq, Let m = represent the number of invariants 
= p,m, the number of those = p*,---,m,, the number of those = p™. 
To determine the number of the operators of order p? (1 = 8 = a,)it is only 
necessary to find the order of the group generated by all the operators whose 
orders divide p? and subtract from this number the order of the group formed 
by all the operators whose orders divide p?—'. That is, the number of oper- 
ators of order p* in G is equal to * 


* Heffter, Crelle, vol. 119(1898), p. 261; Netto, Vorlesungen tiber Alyebra, voi. 2 (10) 
p. 248. 
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Thais result miy also be obtained by observing that all the operators whose 
orders divide p? constitute a group which has i invariants; ms of these are 
equal to p? while the remaining  — ig are the invariants of G which are less 
than p?. If a, = 8» a,., the order of this group is where = Bm, 
wet tees ta, The order of the group which is composed of all the 
operators whose orders divide p?~! is found in the same way and the difference 
of these orders is the number of operators of order p® which are contained in G, 

3. Number of different types of subgroups in a group of or- 
der p". Let @ have the same invariants as in the preceding paragraphs. — It 
is well known that any p powers of p, such as p®, +, are the invari- 


+a 


ants of some subgroup of G, provided 8, = a,, By = a, +++. a,*. As 
these conditions are necessary as well as suflicient, p = y. Hence the number 
of different types of subgroups having just p invariants(p > 1) is given by the 
formula 

=0 Ay Ay 

There are evidently just a, + 1 eyelic subgroupst. For instance, the 
groap Wios? invariants are p', p? contains cyclic subgroups, 24 which 
lave two invariants, 54 which have three invariants, and 54 which have four 
invariants. From the fact that A, =0 whenever a, = 1, it follows that the num- 
her of the different types of subgroups which have p invariants is equal to the 
which have p— 1 invariants whenever a, = 1. 

The number of the different types of subgroups which have just p inva- 
riants may be directly obtained, without the use of a formula, as follows: 
First suppose that all the invariants after the first are equal to p. There are 
clearly a, such subgroups. Then suppose that the second invariant is p? while 
all those which follow itare equal to p. As we nay suppose that the invariants 
are always arranged in order of magnitude, there are a,—1 such subgroups. 
Continuing to multiply the second invariant by p until it is equal to p™, we find 
the number of different types of subgroups in which all the invariants after 
the first two are equal to unity. This number is clearly equal to a, + (a, — 1) 
+++ +(a,)—a,+ 1). We then increase the third invariant successively by 
a multiple of p, while the first and second invariant can have all possible val- 
ues such that the first = the second = the third. Continuing this process 


* Burnside, Theory of groups of finite order, 1897, p. 58. 
+ The identity is here included among the cyclic subgroups of G. 
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until we arrive at p invariants we obtain all the possible types of subgroups 
which have just p invariants. 

When the order of G is not a power of a prime number the number of 
its different types of subgroups is the product of the number of the different 
types of subgroups in its Sylow subgroups. The identity and the entire group 
are included under the term subgroup in this statement. Hence the given 
formula can be directly employed to determine the number of different types 
of subgroups in any abelian group. 

4. Total number of subgroups in a group of order p”. It 
will only be necessary to determine the number of the subgroups whose inva- 
riants are p®, p®, p(B, Ss a, By = a, +--+, 8B, Sa,).* Let 
%, 8, +++, 8 represent the independent generators of such a subgroup, the 
orders of these independent generators being p*, - , respectively. 
For s,; we may choose any one of the (p™s, — 1)p™+™+---+™s,—1 operators 
of G whose order is p*. We proceed to determine the number of ways in 
which s, can be chosen. It is clear that we may take any operator of order 
p® except those which generate the same subgroup of order p that s, does. 
As the number of the latter is equal to p — 1 times the order of the group 
composed of all the operators in G whose orders divide p*®:—!, the number 
of ways in which s, may be chosen is 


Similarly, we may take any operator of order p*: for s, with the exception 
of those which generate a group of order p contained in} %,, %{. The number 
of the latter is equal to p? — 1 times the order of the group composed of all 
the operators of G whose orders divide p*~'. Hence the third independent 
generator can be chosen in 


ways. The number of ways in which s, can be chosen is 


The product of all these numbers gives the number of ways in which the 


* The independent generators and the invariants are always supposed to be arranged in 
order of magnitude, the largest coming first. 
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6 MILLER 


independent generators of such a subgroup may be chosen from the operators of 
G. If we divide this product by the number of ways in which these indepen- 
dent generators can be chosen within the subgroup we obtain a quotient which 
represents the number of the subgroups of ( which are of type (8), 82, - + -,8,). 


r=p-—l 


If we put A= (p — (Me + > 4 Mite, 


4 


0 
this quotient is 


(p™ — 1)(p™—p)- - - —p—') p* 


Same expression except that m is replaced by n° 


where n, represents the number of the inyariants which are = p* in the re- 
quired subgroups, = Mo = = 0, and *** 


=9=(m,_ +n _,4,,_,)whenever 8, _ 


By means of this formula we can determine the total number of subgroups 
of agiven type in G. A preceding formula gives the number of possible types. 
Hence the two formulas together enable us to determine all the possible sub- 
groups of a group of order p™. When the order of ( is not a power of a 
prime number the number of its subgroups is the product of the numbers of 
the subgroups in the Sylow subgroups of G. Hence the given formulas may 
be employed to determine the number of subgroups in any abelian group. 


STANFORD UNIVERSITY, 
FEBRUARY 1904. 
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NOTE ON THE CONTINUED PRODUCT OF THE OPERATORS OF 
ANY GROUP OF FINITE ORDER 


By B. Fite 


MILLER has shown* that if an abelian group contains more than one oper- 
ator of order two, the continued product of all its operators is the identity ; 
and that if it contains only one such operator, this operator is the continued 
product of all the operators. In this note I show by the most elementary con- 
siderations that non-abelian groups of finite order possess an analogous prop- 
erty. So far as I am aware no one has ever called attention to this fact. 

Let G be a non-abelian group of odd order. We can arrange its oper- 
ators in such a way that every operator is followed by its inverse, and the 
continued product in this order is the identity. Hence the continued product 
of these operators in any order is an operator of the commutator subgroup. 
Moreover, the operators can be arranged so that the product is any given 
commutator ¢. For, if Aj-'! A; A; = A; ¢, then 


A; A; A; A, Be 
and A, A; A; A; =1. 
Consequently A;... A, A; A; Aj 


Suppose now that G is of even order and that A, of order &, is its com- 
mutator subgroup. Since the quotient group G/H is abelian, the continued 
product of its operators is the identity or an operator of order two. If now 
we arrange the operators of @ by taking first one operator from each division 
of G/H in turn, then another operator from each of these divisions in the same 
order, and so on until we have all the operators of G, the continued product 
of these operators in this order corresponds to the A power of the product of 
the operators of G/A. This latter is the identity unless / is odd and G/AT 
has only one operator of order two. In the exceptional case, the product of 
the operators of G taken in a certain order corresponds to the operator of 
order two in the quotient group (//A’. If we take the operators in any other 


* ANNALS OF MATHEMATICS, ser. 2, vol. 4 (1903), p. 189. See also Giornali di Matematiche 
di Battaglini, vol. 41 (1903), pp. 203, 336. 
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order, the only effect on the product is to multiply it by some operator of the 
commutator subgroup. Hence :— 

The continued product in any order of the operators of a group G whose 
commutator subgroup is WH, of order k, is an operator of WN, except when k is odd 
and the quotient group G/H has only one operator of order two; in this excep- 
tional case the continued product of the operators of G corresponds to the oper- 
ator of order two of GK. 

In particular, if G is of class 7 and order 2%, where m is odd, the product 
of its operators in any order is an operator of the commutator subgroup, except 
when the subgroup of order 2* is cyclic. 


CorNELL UNIvERsITy, 
May, 1904. 


REDUCTION OF AN ELLIPTIC INTEGRAL TO LEGENDRE’S 
NORMAL FORM 


By Norman R. Wirson 


In his Traité des fonctions elliptiques, Legendre has shown that the in- 


tegral / rae (x realand (x) a quartic in x with real coefficients) can be 


reduced to the normal form / ana (« real and less than 1) by a real 
— sin’¢ 


transformation of the variables. The problem is considered under six heads. 
Cayley observes (Elliptic Functions § 414) that of these only five are distinct. 
The following note reduces the number to three, an invariantic method being 
used.* It is assumed that the roots of y(z) = 0 are all distinct, and further 
that x is restricted to an interval such that the expression under the radical is 
positive. | 

Writing the integral in the homogeneous form, it becomes 


VAor] + 4 + 6 + 4 + Ay 
Resolve the quartic in the denominator into the real quadratic factors, 
S = + + and = + + byw}, and let the roots of 
J = Oand f = 0 be aj,a, and §,, 8, respectively. If only two of these are real, 


they are to be 8, and A, and ifall are real, 8, and 8, are to be the two betweent 
which =z lies. 


1. The sign of y(x) and of the resultant of fand/’. If # denote 
the resultant, and the quartic have all its roots finite, 


R= — (4, — Bz) (a, — Bi) (a2 — 
(Weber, Algebra §53). 


* The reduction can also be made, in a similar manner, by very elementary algebra. 
¢ The word “‘between’’ is used in the sense of projective geometry. Thus if abcd be the 
roots in ascending order of magnitude, z would be said to lie between d and a if x >d or z< a, 
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(a) If v(x) = 0 has all its roots real and finite. Since 8, 8; are the 
roots between which z lies, neither or both of these lie between a, and a. # 
will therefore be positive. Representing the values of the roots geometrically 
as a,b,c, d, and remembering that = — — a,)(x — 
(x — 


IV I II III IV 


it is evident that when <1) is positive, in order that y(x) shall be positive, x 
must lie in the interval II or IV, and when A, is negative, in the interval I 
or III. Remembering that in each case 8), 8, are the extremities of these in- 
tervals, it js easily seen from the figures that the sign of 2? is positive. 

(1) If = 0 has complex, but no infinite roots. When there are two 
real roots, 8), 82, a; — 8,, a, — 8, and a, — B,, a, — B, will be pairs of conju- 
gate complexes; and when all the roots are complex a, — 8), a; — 8; and 
a; — 8, a, — 8, will be conjugate. Hence in both cases R will be positive. 

(¢) (2) = 0 has an infinite root. In this case A,= 0. If the integral 
is to remain elliptic, 4) and 4) cannot both vanish. If a) = 0, all the roots of 
=O are real. Since is to lie between 8, and 8,, the finite root of 
f= cannot lie between them. Writing f in the form a(x — a) and f” as 
h(x — 8,)(2 — B,), and substituting for the coefficients in the expression for 
R (Weber, Algebra, § 53), we find 


R= ah (a B,) (a B), 


which is positive since a must lie outside the interval 8, 8). 


I . Il Ill 
By B; +x 


Now (2) = ah(x If is positive, ab and x — a 
must have different signs. Representing the values of the roots 8,, 8, geomet- 
rically, x lies in the interval II. If a4 be positive, a lies in III and if ab be 
negative, in I. In both cases £2 is positive. 

On the other hand, if 47 = 0, and we write f= a(x — a,)(x — a,) and 
J — B), then 


R = a’l?(a, — B) (a, — B). 


| 
—x a b c d +2 
“4 
/ 
| 
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If a,, a, are complex, this is positive. Ifthey are real, 8 cannot lie between 
them. In the latter case, x — a, and x — a, have the same sign. Hence (x — 8) 
must have the same sign as ah. 


a, a, 


If ab be positive, 8 and x must both lie in III, 8 < x; if ah be negative, Sand 
x must both lie in I and z < £. 


2. The Algebraic Reduction. The values of X for which f + Af’ is a 
perfect square are given by (a) + Ab) (a, + My) — (a, + 4,)? = 0, or 


where D = 2 (dy, aj) = 2 (bob, bj) dD = Aghy Aghy 2a,h,. 


Now D? — DD" is easily seen to be equal to 2, which we have shown to be 
positive (§1). Hence the roots A, and A, of (@) are real and unequal. The 
coefficient of xj in f+ AJ” being (a)+ we may write ; 


= (ao + bo) — %)? = & Yi, 
S + = + Ae Mo) (4% — = & 
where ¢,, €, stand for +1 according as (a) + Aybo) and (a + AW) are respec- 


tively positive and negative. Hence 2,2, and ¥;, y,; are connected by the 
linear substitution 


Ay + 
#2), 


Jy + abo (x, 0x3), 


the signs of the square roots being still at our disposal. Solving(8) for fand 
J’, the quartic 7” reduces to : 


| 
| 
‘ 
| 
om 
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Writing and v for y (ay + Aydo)e,and y (4, + We have 
— 
= yee + Aybo) + Avy) = (ay — 


on substituting for (A; + A,) and A,A, from (a), and performing simple reduc- 
tions. The equation giving » and @ (the Jacobian; cf. Salmon, Algebra, 
§177) is 

(apy, ayhe) x? (doh. — Ayhy) (a,b, - 23 = 0, 


whence 
— — 8)? = (Ayhy — Ayhy)? — — ayho) — 
= R. 
Now 2? has been shown to be positive in §1. Hence @ and » are real, and, 
therefore, the substitution (y) is real. Further, px(n — @) reduces to 
— 


VD" We choose the signs ofwand v so that uv(» — @) is equal to the 


positive value of this square root. Now 


Y2 dy, = — vOx,, vdx, — = v, — "| 


Ly 

nay — — pyle, — ax, dry 
Hence (4, dz, — = (y2dy, — — 8). Further, from (a), 
we have 


4(D°— DD") 


A»)? 


Substituting in our integral, and returning to non-homogeneous variables, we 
have 
_dy 
\ D"- ee €) & / ‘) (1 & 
— — ee R 


Also, since the modulus, u»(@ — n) or \ ay —, of the substitution (7) 


must be real, €¢, must have a sign opposite to that of J)”. We consider the 
following cases : 
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(a) (x) = 0 has four real roots. When the roots are also finite, D’ must 
be a function of the differences, easily seen to be 


4 Ay } (a, — (a, — Bz) + (a; — By) |. 

If A, be positive, a reference to the geometrical representation of § 1(a) will 
show that both terms within the bracket are negative. If A» be negative, a 
similar result follows. If Ay = 0 and 4, = 0 the expression for D’ becomes 
ab} (a,— 8) + (a,—8){, which a reference to § 1(c) shows to be negative. 
If ag = 0, D’ becomes ah} (8, -- a ) + (8, — a){, which is again negative by 
§1(c). 

In all cases, therefore, D’ is negative. Since f= 0 and f’ = 0 have real 
roots, D and D” are both negative. Hence both roots Aj, A, of (a) are negative. 


Let |A,| be the greater. Then we may write \? = * (Areal and || less than 1). 
1 


Since D” is negative, ¢¢,= — 1, and our integral reduces to 


d 
MD" J y(l— — 
(5) (x) = 0 has tivo real and two complex roots. In this case, D is posi- 


tive and D” negative. Hence (a) has a positive and a negative root, A, and A, 
respectively. Further ¢,¢, = — 1 since D” is negative. Writing > =—?*, we 
1 


obtain our integral in the form 


dy 
(c) (x) = 0 has four complex roots. If (x) = 0 is to be positive, Ao 
must be positive. Hence or Ay} (a; — 2) + (42 — Bi) (a1 — 
being the sum of two products of conjugate complex quantities, is positive. So 
are Dand D)". Hence the two roots of (a) are negative. Choose | | > | A» | ; 


since the roots are unequal, this may be done. Writing x = i, we obtain 
1 
— 0<rAN<1. 


Hence we have reduced the integral to the form : 


dy 
real constant X Ia 


j 
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Writing and v for y (ay + Aydo)erand y (a) + we have 


— 
BY = + Apdo) + Avy) = \ Ta (ah, — ayho)s 


on substituting for (A; + Ay) and A,A, from (@), and performing simple reduc- 
tions. The equation giving » and @ (the Jacobian; ¢f. Salmon, Algebra, 
§177) is 

— 27 + — Ayhy) + — ayy) = 


whence 
(ab, — — 8)? = — — 4 (ayy — Ayo) — 
= R. 

Now 2 has been shown to be positive in §1. Hence @ and » are real, and, 
therefore, the substitution (y) is real. Further, pv(n — @) reduces to 
\ — . We choose the signs ofwand v so that ur(» os @) is equal to the 
positive value of this square root. Now 

Y2 dy, = \vr, — vOx,, vdx, — vOdr, = v,— vO) |x, 

dy pry — ple, — ple; — BN dx, dry 


Hence (x, dx, — 2, = (y2dy; — — 8). Further, from (a), 
we have 


2 

be 
Substituting in our integral, and returning to non-homogeneous variables, we 
have 


! 2 dy 
so, since the modulus, uv(@ — 7) or \ —jpr of the substitution (7) 


must be real, €¢, must have a sign opposite to that of JD”. We consider the 
following cases : 


4 5 q 
| 

| 
; 
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(a) (x) = 0 has four real roots. When the roots are also finite, D’ must 
be a function of the differences, easily seen to be 
4 Ay } (a, — B,) (a, — Bz) + (a, — Be) (a2 — 
If Ay be positive, a reference to the geometrical representation of § 1(a) will 
show that both terms within the bracket are negative. If A, be negative, a 
similar result follows. If Ag = 0 and 4, = 0 the expression for D’ becomes 
ab} (a,— 8) +(a,;—8){, which a reference to § 1(c) shows to be negative. 
If a, = 0, D’ becomes ah} (8, -- a ) + (8, — which is again negative by 
§1(c). 
In all cases, therefore, D’ is negative. Since f= 0 and /’ = 0 have real 
roots, D and D” are both negative. Hence both roots \,, 4, of (a) are negative. 


Let |A,| be the greater. Then we may write \? = ~ (Areal and |\| less than 1). 
1 


Since D” is negative, ¢¢,= — 1, and our integral reduces to 


MD" J yl — 
(6) (x) = 0 has tio real and two complex roots. In this case, D is posi- 
tive and D” negative. Hence (a) has a positive and a negative root, A, and A, 
re 


respectively. Further ee, = — 1 since D” is negative. Writing i —*, we 


obtain our integral in the form 


ay 
(c) (x) = 0 has four complex roots. If (x) = 0 is to be positive, Ay 
must be positive. Hence /)’ or Ay} (a, — + (4: — (a1 — 
being the sum of two products of conjugate complex quantities, is positive. So 
are Dand )". Hence the two roots of (a) are negative. Choose | A,| > | A, | ; 
since the roots are unequal, this may be done. Writing a = )?, we obtain 
1 
V 2 dy 0<N< 1. 
—rA, V(1+ y*?)(1 + A? y’) 
Hence we have reduced the integral to the form : 


dy 
real constant X Ia ey) 
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where 2 is real, and in the first and last cases X? < 1. 
8. The Trigonometric Reduction. 

(a) (2) = 0 has four real roots. has been transformed into (1 — y*) 
multiplied by a certain constant (see equations (8)). Hence the anharmonic 
ratio (x, becomes (y, 1,+ 1,4, — 1). The transforming substitu- 
tion is 


But |A <1 (see § 1(@)). Referring to § 1(a), if 8, < a, < a, < B,, x must 


lie in the interval IV, and — '-% is positive, while # — B, is negative. If 
— By a, — Py 
a, < < 8, <a, lies in the interval II, and is negative, while 
a 


is positive. In both cases ns ; must be negative. If one of the roots of 


y = 0 is infinite, and it be a root of = 0, then taking a, as the other root, 
the above argument is not affected. If it be a root of f’ = 0, 8, say, the an- 
harmonic equality reduces to 


a—B, (y—1)(1+A) 


Now a, and x must be on different sides of 8, (see §1 (c)). Hence “I an : 
is negative, and therefore the same is true of : rs . Hence in all cases 


|y| <1. Write sin ¢ for y and « for \ and we obtain 


2 / ¢ 
\ AD" J yl — sint?g 


or, if itis desired to express it in terms of more familiar invariants, 


Vi» 


(6) (2) =0 has two real and two complex roots. Since s real, 
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and our integral real, (1 — y*) must be positive, and therefore |y| < 1. 
Put cos¢g for y and we get 


J 2 / 2 dg 
2 
where «?= i x2? and is therefore positive and lessthan1. Since A? = — 
1 


this becomes 


VR J Vi — «sin? 
where e=—- ~ > From the signs of D, D", it is easily seen that 
—A, 
4 =- and hence «? = D+VR 


(c) (xz) =9 has four complex roots. Put y = tan ¢, and our integral 
becomes 


Ver fant — 


where «* = 1 — d?, and is therefore positive and less than 1 (see §2(c)). 


Hence, substituting for \*, we have «= a ~ J and by (a) we find 
1 


(see §2 (c)). Hence we obtain 


¥ 


We may summarize as follows: To reduce to Legendre’s normal form the 


integr al i] ie (x real and y(x) a quartic in x with real coefficients and un- 
xr 
equal roots), resolve the quartic into real quadratic factors, f and 7’, where, 


if only two of the roots of (x) = Oare real, /’ = 0 contains them, and if 


they are all real, f’ = 0 contains the pair between which x lies. Let f= 
+ 2a,x + a3, and f” = box? + + Find the invariants 


D= 2 (dod, aj), D'= 2 (dob, bi), D= + Ag by 2a,h,, 
R= — aghy)? — 4 (49d, — — 
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THE NECESSARY AND SUFFICIENT CONDITIONS UNDER WHICH 
TWO LINEAR HOMOGENEOUS DIFFERENTIAL EQUA- 
TIONS HAVE INTEGRALS IN COMMON 


By A. B. Prerce 


In the theory of the linear homogeneous differential equations, many 
properties and relations are found which are very closely parallel to those of 
the ordinary algebraic equations. One of these is the necessary and sufficient 
condition (as given in determinant form) that two such equations should have 
integrals in common, 

The necessity and sufliciency of this condition have been established by 
von Escherich® and Hetfter,t the latter of whom has also proved the condi- 
tions for multiple common integrals.; | The method used in the present paper 
for establishing the sufliciency of this condition follows entirely new lines and 
has many points of principl: in common with that for the corresponding alge- 
braic problem as given by Mansion in his Elements de la theorie des deter- 
minants. § 

In §1, I have proved the necessary condition after the method of von 
Escherich, which is the analogue of Sylvester's dyalitic method of elimination 
as used in the algebraic problem. The proof of the main problem in §2 is 
divided into two distinct parts: in the first part is the proof of a theorem of 
considerable generality and value aside from the purposes of this paper, which 
expresses a sufficient condition in symbolic form: in the second part, after 
a preliminary definition, and discussion and proofs of the properties of 

* Denkschriften der Wiener Academic, vol. 46 (1883). 

¢ Crelle, vol. 116 (1896) and Archiv der Mathematik und Physik, ser. 3, vol. 3 (1902). 

t Archir. der Mathematik und Physik, 1. c. 

§ Mansion: Elements de la theorie des determinants, sixth edition, Paris, 1900. 
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matrices involved, the sutliciency of the condition of §1°is proved on the 
basis of the above mentioned theorem. The form of proof here given was 
adopted to avoid the consideration of certain special cases which would other- 
wise require separate discussion, and also to make the transition to the cases 
of §3 simple and direct. In §3, I have proved necessary and sufficient condi- 
tions for the case of several independent integrals in common. 

It is also to be noticed that the discussion here given, gives the results 
for the algebraic problem by using the differential equations with constant co- 
eflicients, as will be pointed out more in detail below. 


We shall indicate by the symbol A the linear homogeneous differential 


operator 
d 


th Gait: +t 


of order @, in which the coetlicients are functions of 2; and also by Ay the 
result obtained by applying the operator .1 upon the quantity 7, namely : 


It should be noticed that we assume that the function a9 is not identically 
zero. Similarly B, 72, S are linear homogeneous differential operators of 
orders 4, 7, s respectively and whose coetticients, also functions of +, may be 
indicated by 8, p, o respectively ; with subscripts to correspond. Also RAy 
shall mean that cf is first applied to y and then /? applied to the result; simi- 
larly for SBy. 

Throughout this paper, we shall take a 2 4. 


1. Now since any function which satisties Ay = 0 will also satisfy 
7, 71(4) = 9 by differentiating Ay successively with respect to and each 
time placing the result equal to zero, and similarly for 4y, we obtain a system 
of equations which is satisfied by every integral common to the two differen- 
tia] equations Ay = 0 and Ly = 0. If we differentiate the first (6 — 1) times, 
the second (a — 1) times and rearrange, we obtain a system of (a + 4) equations 
which must be satistied by every function which satisfies both of the given 
equations. ~ These equations will be linear and homogeneous in ¥ and its first 
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2. Jf and Boy) be tro linear homogeneous differential 
expressions such that we can find two linear homogeneous differential operators 
Rand 8 for which RAy = SBy and s <a, then the two differential equations 
Ay = Oand By = 0 have at least one integral, other than zero, in common, 

From the condition of identity in the hypothesis, 7 + @ = s + 6 and there- 
fore r <4 ifs <a. 

Let DE fundamental system of integrals of the dif- 
ferential equation .1y = 0. 

Since Ay, ; = 0, and therefore Rly, = 0, 1, 2, ++, @, our 
identity gives SBy,; = 0 for the same system of values of ¢@. As a result, 
we have the following two possibilities: either (1) one or more of the func- 
tions y, ; is an integral of the equation By = 0; or (2) y,,;, When substituted 
for yin the expression /3/, always gives an integral, not identically zero, of the 
differential equation Sy = 0. 

The first of these possibilities establishes the theorem stated without 
further discussion, so we turn to the second alternative. 

Let us indicate the results of the substitution as follows : 


= Ys,15 = Ye2° Diya, = 

Of these functions 7, , not more than s can be linearly independent, so we will 
consider that our integrals 4.4. Yio. Yao have been so arranged that all 
of the functions y, , which are independent are included in the first s of the a 
given above. Then we can write 

for all values of / from 1 to (a —8) inclusive, where the quantities ’ are con- 
stants and not all zero. 


Let us now form a solution Y,, 4, of the equation Ay = 0 in the same 
way out of + Yo. USing the same constants A, as follows : 


Then BY, = but wealso have By, = By subtraction, 
we obtain 


That is,( Vy — Ya, «4 ) is an integral of the equation By = 0. But 
it is an integral of the equation ly = 0 since it is a linear combination, with 
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constant coeficients, of integrals of this equation. Moreover Y, — 
is not identically zero since the functions y,, ; are linearly independent. There- 
fore the theorem is proved. 

We have also the following corollary : 

Corottary. The differential equations Ay =0 and By = 0 have at 
least (a — 8) independent integrals in common. 

Y,,,24, contains only the integrals and the inte- 
grals y,,,4, are independent integrals for all the different values of 7 from 1 to 
(a — s)inclusive. Therefore the expressions — Yu, .4, are linearly in- 
dependent of each other for the above set of values for 1. But they are all in- 
tegrals of the two equations. Therefore our statement is proved. 


In proving the sufficiency of the condition A(x) = 0 by means of the 
lemma just proved, certain complications arise on account of the great number 
of ways in which this determinant may vanish; for example, by the vanishing 
of all its minors down to a certain definite order; or the vanishing of all the 
minors which enter matrices chosen according to certain laws, matrices to 
which I have given the special name, submatrices of the various orders, and 
which are defined as follows : 

Derinition; The x" submatrix of the determinant A(x) is obtained by 
cutting off the first x columns, the first x rows, and the last n rows. 

We now prove three properties of these submatrices which are fundamen- 
tal in our discussion. 

Prorerty I: If the x submatrix vanish, and x < 4, then A(.) vanishes. 

For the matrix obtained by cutting off the first » and also the last n rows 
of the determinant A(.c) vanishes since the columns of this matrix in which all 
the elements are not zero are the columns of the x® submatrix. Now expand- 
ing A according to its minors found in this matrix, we tind that every term of 
this expansion has one factor zero and therefore A(x) must be zero. 

Proverty II; If the (n + 1)* submatrix does not vanish, not all the first 
minors of the n“ submatrix can vanish. 

Let D be a determinant of (nm + 1)* submatrix which does not vanish. 
Construct the determinant of order one higher than D in which the tirst element 
of the first column is a, and all the other elements of that column are zeros and 
D is the minor of a,, and also all the other elements of the first row are the 
elements of the first row of the 2 submatrix which occur in the columns with 
the elements of the columns of J). Then this new determinant is a first minor 
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of the n submatrix and being equal to a)/) is not identically zero: thus prov- 
ing our property. 

Property III: In A(x), there is always a submatrix which does not van- 
ish if Ay f(x). By. 

If a > 6, the 4 submatrix is such a one: its first determinant being 
Bi-?s0. If a=, the (4—1)* is such. Here the matrix has two rows 
and if it vanished we should have the relation 

which is excluded by the hypothesis. 

We now take up our principal theorem. 

THeoreM: /f uly = 0 and By = 0 be tivo linear homogeneous differential 
equations of orders a and b whose coefficients make A(x) vanish identically, 
then Ay = 0 and By = 0 hare at least one integral in common, which is not 
identically zero. 

We may assume that the first members of the differential equations are 
not proportional to each other as otherwise these equations would obviously 
have all their solutions in common. By Property III there exists therefore a 
submatrix of A(z) which does not vanish. Let the(n + 1)* submatrix be the first 
one which does not vanish. It follows from the proof of Property IIT that 
n<b, orif a=6 thatn<4-—1. Then, =a + 6 — 2n, it has (hk — 2) 
rows and (A + n— 1) columns, and the x“ submatrix has 4 rowsand (4+ n) 
columns. Writing the x‘ submatrix, we have 


0 . Dy ay, . . ° a, 

=0 
| ’ 0 » Bos Bis & 

| 


We shall first assume that the determinants of order (4 — 1) given by 
the first (4 — 1) columns are not all zero. 
Now form all the determinants of order / in which the first (4 — 1) 
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columns are the first (2 — 1) columns of the n™ submatrix and the h® col- 
umn is successively one of the remaining (x + 1) columns. In each of these 
determinants multiply the elements of the last column by one of the factors 
y, according as they belong to the (h+1)*,---, 
(h+n—1)", (A +7)", column of the submatrix respectively ; and then add 
them all together. Wethus obtain anew determinant in which every element 
of the last column is a linear homogeneous differential expression of order n. 
This new determinant vanishes because by hypothesis each of the determinants 
which we added together to form it vanished. 

In the new determinant, we multiply the successive columns beginning 


with the first and including the (4 — 1)* by the factors SETG=1* IeFsa4° 


detty 


respectively and add to the last column. Placing r =(6—n—1) 


and s = (a — n — 1), the relation can then be rewritten as follows : 


a, rai,, . . . . . 4 dar 
d 
d 
s—1 
| 0, By eos ; PY 
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If we expand this determinant according to the elements of the last column, 
we have the form 


In this scheme, we notice, that, starting from the right, the elements of 
the first column of the submatrix are multiplied by y, those of the second column 


dy 
by =A those of the third by Tet? and so on. 

It may happen that the particular (2 — 1) columns, which we have picked 
out of the submatrix do not fulfil the hypothesis explicitly made concerning 
them and that in fact the quantities p,and ¢; all vanish identically. But from 
Property II, we see that we can choose (4 — 1) columns which do fultil this 
hypothesis. Then we may proceed in a similar manner, always associating 
the elements of every column with the derivative of y of proper order. 

Therefore we always have an expansion like that given above in which 
the quantities p; and ¢; do not all vanish. Indeed from Property II, we see 
that the (A — 1) columns can be chosen so that neither p, nor o, is zero. 


Writing 
d” a> d 
and 
ds 


our relation becomes 
RAy SBy == 


By the lemma of this section this gives us at least one integral common to 
Ay = 0 and By = 0, because s = a — n — 1 is less than a even for the most 
unfavorable case, n = 0. 

Therefore under all possibilities, the identical vanishing of A(z) is a suf- 
ficient condition that ly = 0 and y = 0 shall have an integral not identi- 
cally zero in common. 

We also have the following 
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Corouiary : If the n™ submatrix vanishes, then Ay = 0 and By = 0 have 
at least (n + 1) independent integrals in common. 


3. After defining principal minors of A(x), we shall take up the discus- 
sion of necessary and sufficient conditions for multiple common integrals. 

Derinition. The h" principal minor of A(x) is that determinant ob- 
tained by cutting off the first / and the last / rows and columns, and will be 
represented by 

Tueorem. Jf Ay=0 and By =0 have (m 4+ 1) independent integrals 
in common, A(x) and its first m principal minors must vanish identically. 

Take the system of equations obtained by cutting off the first ¢ and also 
the last ¢ equations of the system from which A(x) is obtained in §1, when 
arranged as there indicated. This will leave (a + 6 — 2¢) equations in which 
the equation of highest order is of order (a + 6—i—1). Eliminating the 
(a + 4 — 2¢—1) derivatives of y of highest order, we shall finally obtain a 
linear homogeneous differential equation in y which is at most of order 7. The 
coctlicients of the various derivatives of y in this equation are determinants of 
the 7” submatrix of A(x), each of'which contains the first (@ + 6 — 27-1) 


liy 
columns of the 7 submatrix as columns. The coefficient of io in this 


equation 1s A,(y). 

This new equation of order 7 will be satistied by the (a + 1) independent 
common integrals of Ay = 0 and Ly =0.  Theretore if iS m, every one of 
its coefficients must be zero; and so Aj;(#) must vanish identically for 
*i=1,2,---,m. 

Tueorem. Jf A(x) and its first m principal minors vanish identically 
Ay = Oand By = 0 have at least (m + 1) independent integrals in common. 

We prove (1) that if A(a2) and A,(x) vanish identically, then Ay = 0 
By = 0 have at least two independent integrals in common. Then in order 
to use the method of complete induction, we prove (2) that if there are / 
independent common integrals when A(.r) and Aj(x)[¢= 1, 2, ---,(4—1) } 
vanish identically, there are at least (4 + 1) such integrals when A;(2) also 
vanishes identically. 

‘irst. Let and A,(x) vanish identically further let the (a, + 1)" 
submatrix of A,(a) be the first one which does not vanish. If now we mul- 
tiply the elements of the various columns of the 2," submatrix by derivatives 
of y selected as indicated in the proof of the theorem of §2, and add together 
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ina properly chosen column as before, we shall obtain a determinant which 
must vanish identically. Since the elements of the last column of A(.) do not 
appear in A,(a), we shall find that y does not appear as a term of this new 
determinant, although its derivatives do. Writing 4-4, —2= 17 and a — n, 
— 2 =, the column containing the derivative of vy can be written 


‘ 


where represent functions of which are coetlicients of or 
linear homogeneous differential operators of order zero. Expanding the de- 
terminant according to this column, we obtain a relation of the form 


R,Ay — S,By — Ty =, 


where S;, 7, are linear homogeneous ditferential operators of orders 7, 
and 0 respectively. Substituting a common integral ), not identically zero, 
of = Oand Ly = 0 in this relation, we have = 0. Therefore 7), 
vanishes identically and the above relation becomes 


SBy = 0. 


Then, from the lemma, «ly = 0 and y = 0 must have at least(m, + 2) and 
therefore at least two Independent integrals in common, 

Secondly. Let and 1, 2, 4) vanish identically 
also let the (a, + 1)* submatrix of A,(r) be the first one which does not 
vanish. 

As before, we multiply the elements of the various columns of the n,‘" 
submatrix of A,(.) by the derivatives of y of proper order and add together 
in a properly selected column. There results a determinant which must vanish 
identically. 

Since the clements of the last 4 columns of Ax do not enter A.(xr), 7 
and its derivatives of order lower than 4 do not appear in this new deter- 
minant. Writing (6 —»,—hk—1) =r, and(a—n,—hk— 1) = the ele- 
ments of this column can be written 
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d«—' 


d d 
Ys Ay A; 1,045 By Br BY —B,_;, ids 
du 


where «Ay By represent linear homogeneous differential operators of 
order (4 — 1). Expanding according to this column we obtain a relation of 
the form 

— S,By — T,_, = 9, 


where 7/2, S,, 7, are linear homogeneous differential operators of order 
und (4 — 1) respectively. Substituting independent integrals 
Y,- ++, Y,common to Ay = 0 and By = 0, which by hypothesis they 
must have on account of the identical vanishing of A(z) and A,(x) 
[i= 1,2,---, (4 —1)], we find that the differential equation of (4 — 1)** 
order, 

y 


has 4 independent integrals. Therefore 7,_' y vanishes identically and 
our relation becomes 
R,Ay — By = 0. 


From the lemma, Ay = 0 and By =0 must have at least (mn, + 4 + 1) and 
therefore at least (4 4+ 1) independent integrals in common. 

Our proof is now completed by the method of mathematical induction. 

Combining the last two results we have the 

THEeoreM: necessary and sufficient condition that tivo linear homogen- 
cous differential equations Ay = O0and By = 0 shall have k independent inte- 
grals in common is that A(x) and its first (k — 1) principal minors shall vanish 
identically. 

This gives the 

Corotiary :. Two linear homogeneous differential equations Ay = 0 and 
By = 0 have k and only k independent integrals in common, tf and only if 
A(x) and its first (k — 1) principal minors vanish identically and the k™ prin- 
cipal minor does not. 
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4. I stated in the introduction that this discussion would give us all the 
results for the corresponding problem of algebra. I shall now justify that state- 
ment. 

First, if we take the ditferential equation with constant coeflicients and_ 
follow the process given for the necessity of the condition, we shall tind 
that the resulting formula is just what we should obtain if we put A* for 
ot and A°=1 for y and then carried out the investigation as is ordi- 
narily done in algebra. 

Further we know that the solutions of linear homogeneous differential 
equations with constant coetlicients are in general of the forme, where A must 
satisfy the equation obtained above. From this consideration, we see clearly 
why we should obtain the solution of the algebraic problem as a special case 
from that of the ditferential equation. 


5. The following particular cases are given by way of illustration. 


1. Take 
/ 
aly = + —a) ax y, 
dy 
By = dx? (r a) dz OLY. 


It can easily be veritied that if /? and S be taken as follows : 


R= (1- a) +2(3 — 
x(3 — #*) — (1 — 


then 
RAy = SBy. 
Therefore sly = O and By = 0 have at least one common integral not 
identically zero, since a — s = 1. By substituting «” for vin the two ditferen- 
tial equations we tind them to be satistied. 


2. Take 
dy Py dy 
Ay= dx * + 1) + + 2)4 
By Py dy 
By = dz + (227 + 1) dx * (2? + 2)y, 
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and 
R= (a — at — + 1), 
/ 
+ 
Then 


RAy = SBy. 


From the lemma, we conclude that the two equations Ay = Oand By = 0 
have at least two independent integrals in common, since a — s= 2. In fact, 
the common integrals are the solutions of the differential equation 


dy 


— 
dai +” * 
3. Take 
ty By Py dy 


and 


/ 
B= + — 1) + (ah — + — — + 2), 
S = — 2294+ 2-1) + + — — — + 2) 


+ (— 22 4 — — 2? + 3x). 


We can very easily verify that Ay = 0 and By = 0 have e* and e-* as com- 
mon solutions, ¢. ¢. the solutions of the differential equation 


In these illustrations, we find that the number of independent integrals 
which the two equations have in common is exactly (@ — s). The reason for 
this is that the expressions given for 722 and S are those of the lowest order 
for which the identity is true. 


Ann Arpor, MICHIGAN, 
DecemBer 1903. 
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A GENERAL METHOD OF EVALUATING DETERMINANTS 


Tue method formerly published (ANNALS oF Matuematics, January 1900, 
p. 74) may be further simplified if we start from the following theorems : 


abe 
oF l 


By G. MaAcLoskigE 


aah ae 


e af ay 


We thus obtain the general rule : 


1. Line off a superior border row and an anterior border column of the 


given determinant of order n. 


2. Multiply the leading element @ into the several elements of its minor, 
deducting from each product the product of the two border elements on the 


same row and column. 


The results are the elements of a new determinant, which on being divided 


af —be aq —ce 


1 ab-cj 


by a”"—? is equal to the original determinant. 


We may often find it convenient to shift the lines so as to bring a unit 


clement into the leading place. When zero appears in the leading place, 


shifting is necessary. 
Example : 


7-8 8) 
-1 
2 —8| 

is —5 19 
4 

17;-—8 32 


PRINCETON UNIVERSITY, 
Fresruary, 1904. 
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APPLICATION OF GROUPS TO A COMPLEX PROBLEM IN 
ARRANGEMENTS 


By L. E. Dickson 


1. Viewedasa problem in configurations, the general problem here con- 
sidered possesses especial interest. The application of group-theory to prob- 
lems of this type affords not only a better insight into the essential features 
of the problem but also a method for the rapid construction of solutions and, 
what is even more essential in the longer solutions, affords simultaneously a 
proof of their correctness. 

In its initial form* the problem related to the seating of m persons at a 
round table on successive days such that no one shall sit twice between the 
same two companions. The precise formulation of the general problem will 
be preceded by some definitions and explanations and the complete consider- 
ation of the example m= 5. 

While we are concerned with a ring and not a row, nevertheless we shall, 
for convenience in printing, write the symbols in a straight row and not in ring 
form. Then in ABCDE it is understood that Z is followed by A. It being 
a question of relative order only, we regard as equivalent a ring and the one 
derived from it by reversing the order of its symbols. Then, for m=5, the 
following ten arrangements are equivalent : 


ABCDE, BCDEA, CDEAB, DEABC, EABCD 
AEDCB, BAEDC, CBAED, DCBAE, EDCBA. 


In general, the 2/2 arrangements derived from a given one by applying the 
substitutions of the dihedron group G,,, are regarded as equivalent. The 2m 


* Proposed in the American Mathematical Monthly, 1899, p. 92, by Professor C. H. Judson, 
who gave examples for m = 6 and m =8 in the Monthly, 1900, p. 72. Another example for 
m =6and one for m =7 by Dr. F. H1. Safford will appear soon in the Monthly. The two ex- 
amples for m = 6, whose correctness I have verified, are here reproduced. 

+ I give an equivalent problem, to emphasize the notion of dihedrons: In each of a set of 
circular dises are bored m holes of different shape atthe vertices of a concentric regular poly- 
gon (the latter the same for each disc). It is required to determine all sequences of the holes 
on the various discs such that it shall be impossible to place two discs in a position where three 
consecutive holes of the same shape are juxtaposed. 

(31) 
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arrangements will be said to detine the same dihedron,* which may be repre- 
sented by any one of the 2m arrangements. However, we shall employ al- 
ways one of the two arrangements which begins with a particular letter, as A, 
Two dihedrons,as ABCDE and ABECTD, will be called consistent when 
there is no letter which occurs in both between the same two letters. 
For m=5, the only dihedrons consistent with ABCDE are 


ABECD, ABDEC, ACBED, ACDBE, ADBCE ACEBD. 


Any two of the first five are consistent, while no one of them is consistent 
with the sixth. 

A set of / mutually consistent dihedrons on mm letters will be called a com- 
plete set, S", when every further dihedron on the m letters is’ inconsistent 


with at least one dihedron of NS". Hence for w= 5 the only complete sets are 


=! ABODE, ABDEC, ABECD, ACBED, ACDBE, ADBCE|, 
Si={\ABCDE, ACEBD:. 


The yeneral problem isto find all complete sets Sz of dihedrons. The max- 
imum value of 4 is $(m#—1) (am —2), this being the number of pairs of 
letters between which a given one may lie. For this maximum, 4, a set S- 
possesses remarkable symmetry. It may be given a form, using the symbols 
A,. such that there are exactly — dihedrons Ay - for 
t=2,---,m—1. This is exemplitied in SN; above and in the following 
complete sets Sj, : 


(Judson ) (Satford ) (Dickson) 
ABCDEF ABCDEF ABCDEF 
ABDCOCFE ABDCFE ABDFEC 
ABELFDC ABEDFC ABECFD 
ABFECD ABFECD 
ACFDBE ACDEBE ACDBFE 
ACEBFD ACEBDF ACFEBD 
ACBEDF ACBEFD ACBEDF 
ADECBF ADECUBF ADECBF 
ADBFCE ADBFCE ADCKBE 
AEDBCUF ALDBCUF ARDBCOF 


* This corresponds to the dihedron in geometry, that is, a regular polygon whose plane has 
two aspects, with order attached to the vertices. If, on viewing the polygon froma point above 
its plane, the vertices are read in a certain order, then from a point below the plane they will 
appear in the reverse order. 
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In view of the particular interest of the sets with maximum k, we will be 
concerned here® with the special problem to find all maximum complete sets 
where k = 4(m—1) (m—2). 
2. Before undertaking in general the question of the applicability of group 
theory to the present problems, we will consider two of the simplest cases. 
For m =4 the distinct dihedrons are ABCD, ABDC, ACBD, and these 
are consistent. They are equivalent to AVCB, ACDB, ADBC, respec- 
tively, each having the symbols of the corresponding one in reverse order. 
The six give all permutations of B, C, D, and hence detine the symmetric 
group on three letters. 
In S; the dihedrons are obtained from ABCDE by the substitutions : 


I= identity, (CDE), (CED), (BC)(ED), (BCD), (BDC). 


These do not forma group since (CDE)(BDC) =(BDE). Taking, how- 
ever, the second notation AE DCB, - . -, for each of the 6 dihedrons, we find 
that they are obtained from ABC WDE by the substitutions 


(BE)(CD), (BCE), (BDE), (BD)(EC), (BEC), (BED). 


These together with the preceding six substitutions form the alternating group 
on 4 letters. Extending it by (ABCDE), to pass from rings to rows, we 
obtaint the alternating groups on 5 letters. 


—— 


* I have made considerable headway on the general problem for m = 6. The method he- 
gins as for m = 5, there being for m = 6 exactly 38 dihedrons consistent with ABCDEF. The 
number of cases is greatly redaced by transformation by suitable substitutions. The aim is to 
obtain a final list of S? in which no two differ by a mere change in notation, i. e. are not conju- 
gate under the symmetric group on 6 letters. I give a few non-maximum complete sets : 


$= } ABCDEF, ABDFEC, ABEFCD, ABFDCE, ACDBFE, ACFBED, ADBECF, 
ADFCBE { 


S= } ABCDEF, ABDFEC, ABECFD, ABFDCE, ACDBFE, ACFBED, A EDBCF | ; 
S$ = }ABCDEF, ABDCFE, ABECFD, ABFDEC, AECBDF, AFCBED, AEDBFC{ 
St = BCDEF, ABDFEC, ABEFCD, ABFDCE, ACBEDF, ADBECF, ACDBFE | 
where for cach S$ there is a single complete set having the first six dihedrons. 
+ This might have been anticipated since of the two substitutions 


ABCDE ABCDE)\ 
(20532) 


one is even and one odd. 


if 
q 
iia 
| il 
q Tal 
4 
rir 
4 
| 
q 
q 
4 H 
$4 
‘ 
q | 
j 
i 
) 
4 3 
| 
fF 
i! 


34 DICKSON [October 


3. For the general case of Sf — 1) «m—2+ We likewise take each dihedron 
in direct and reverse order, so that we have (a — 1) (# — 2) arrangements 
(rings) beginning with a fixed letter A. The group G im —1) on —2) Of the re- 
sulting substitutions must be doubly-transitive since we have the arrangements 
AN... Y, where Vand ¥ are arbitrary. Hence* m — 1 is the power of a 
prime p". Doubly transitive groups of degree p" and order p"(p"—1) have 
been completely enumerated? for general pandn = 1, 2,3, and} for p"= 2*, the 
result presumably§ holding also for x > 3. There is a single type of doubly- 
transitive group Gr pepe except for p™ = 3? when there is a second type 
H13. The first may be taken concretely as the group of all linear transforma- 
tions 


(1) 22=az+hb (a + 0), 


with coefficients in the Galois Field of order p". Allowing zto run through the 
series of marks of this GFT p"), we obtain a group on p” letters, which is 
doubly-transitive since we may solve 


ax +h, 23 = a2,+b (2; # 2) # 2) 
for aand / in the field, a + 0. The additional type is 
(2) } (abed) (efyh ys (ahef ) (igde) (vac) (hgh ) ( dfe) 


Considering the m arrangements in each ring, we extend the preceding 
groups by the cyclic substitution ),and obtain triply-transitive groups. 
From (, we obtain the group of the (p" + 1) p" (p"— 1) linear fractional 
transformations 

az +1 
(3) (ad — he + 0), 


cz+d 


From //2, we obtain Cole’s group 720, of order 720 on 10 letters.** The 


* Jordan, Récherches sur les substitutions, Journal de Mathématiques, ser. 2, vol. 17 
(1872), pp. 351-367. (Cf. next reference). 

+ Burnside, On doubly-transitive groups of degree n and order n(n — 1), Messenger of 
Mathematics, vol. 25 (1895-96), pp. 147-153. 

> Miller, American Journal, vol. 20 (1598), p. 231. 

§ If further exceptions occur, they arise for p" = 1, so that their use in the present problem 
would be impracticable. 

{ Cole's (iii), Bulletin, 1893, p. 257. His (ii) is 


** Quarterly Journal, vol. 27 (1895), p. 44. His 720, is the group of (3). 
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preceding types of doubly and triply transitive groups are all of the specified 
orders that occur in the lists of substitution groups on m letters, m= 17. 


4. Application of the linear group. Since the linear fractional group is 
triply-transitive, we may assume that the desired complete set, Sz, where 
m= p"+ 1 and k=$p"(p" — 1), contains the dihedron* 


(4) x O ay ay, 


where a,= 0, ag=1, ay, +--+, a,» give the p” distinct marks of the p"). 
Now S,.,, defined by (1), replaces dihedron (4) by 


(5) 8 aris Aarts, 

We impose first the condition that there shall exist a linear transformation 
T, of the form (1), which replaces (4) by 
(6) Ay» +++ a az 1 0, 


the latter being a second notation for the dihedron (4). Hence, if p > 2, 


leaving fixed If p= 2, the final transposition in T is 
and no letter remains fixed. Thus 7’ is of period 2 and hence of the form 


(8) T: 
The conditions that (8) shall represent (7) are, since a, = 1, 


where q = $(p"—1) ifp>2, g=2""-lifp=2. 


We impose next the condition that the dihedrons (5), with r,s, ranging 
over the GF [p"), r 4 0, shall form a complete set. Taking two of these dihe- 
drons, arising from S,, and S,,, we look for both forward and backward co- 
incidences in triples. But if a linear transformation S replaces 2 a, - + + ay)» 
by x By By, and if a3, ay = }83, for example, then the 
product 7'S replaces » a,---a,, by » 8,, +--+ 8, so that for the latter 
‘ay, a3,a@,/ = By, Hence, unless x enters, we need only look for 


* The element « here adjoined to the fleld is used in the sense of Linear (Groups, p. 260. 
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forward coincidences in triples. When x enters, the only possible backward 


coincidence is 
‘aps ©, ay pt cl, 
requiring p= — r, =a4,, + 8, whence 


&,, = 


But we retain only one of the arrangements resulting from the two transfor- 
mations S,, and 7'S,,. Hence there here results no condition on the a,. 
We proceed to examine the forward coincidences in triples. If 


p +o, a+ s, ar+ 
then p=(a;—1)r, ap =(a,—1)r. Then if 
(10) a;(a;— 1) 1, 


we would have r=p=0,s=c¢, and the two dihedrons in question would be 
identical. Hence (10) is a sufficient condition that the specified coincidence 
in triples does not arise for distinct dihedrons. It is also a necessary condi- 
tion. For if (10) does not hold, we may determine p and ¢ in terms of r 
and s, so that the coincidence shall arise. Likewise, to avoid a coincidence 


p+ ap+ ol = jar+s, ayyr+s, aygr+ sl, (3Bisp*— 2) 
we have the necessary and sufficient conditions 


To avoid the coincidence of }p asp o, + with 


+8, ar jar+ 8, si, 
we obtain, respectively, conditions (10) and 


(12) Ge 3, »p™— 2). 
To avoid the coincidence of Sap +o, aj4.p + + with 

}8, r+ 8, agr + 8, + 8, ar + 8{, +8, + 8, a; +8], 
we obtain, respectively, conditions (11), (12), and 


| 
(4, 
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Finally, since 0, 1, a3, - - - , a. are the distinct marks of the field, 


joa, o,pt+al 8, r+ sl, fa»p+a, x, o| # sl, 


+o, +o, fam 8, anr +s, 


We have now established the following 

TueoreM. The distinct* dihedrons (5) derived from the dihedron(4) 
upon applying the transformations (1) of the linear group in the GF[p"|form 
a complete set S?, where m= p" +1 and k = $p" (p" —1), if and only if con- 
ditions (9), (10), (11), (12), and (13) hold.t 


5. The example p" = 5. The a; are now integers taken modulo 5. 
Conditions (9) now give a, =a, — 1, a; = 3a; (mod 5). Then (10) becomes 


3a;( 3a; 1) 2 (3a; 1), é., as =~ 2or4 (mod 5). 


But as, a,, a, form a permutation of 2,3,4. Hence a,=3. Thus a;= 4j a,=2.- 
There is now a single condition (11) and a single (12), each given byt = 3; 
butno (13). The first two reduce to—3 4—1, —170. Hence for p"=5, 
group theory furnishes one and but one complete sett Sj: 


Sot 014238 Siar 1203 4 
Soo: © 0 41 3 2 Sit «2 10 2 4 8 
O 2 3 4 1 4 2 38 
Sor 08 21 4 40312 
© 13 4 0 2 S,4: 2 4 0 1 8 


It is immediately identified with Judson’s solution (§ 1). 


* Employing only one of each pair resulting from Sr,s, TSr,s. 

¢ We do not discuss in general the question of the existence of at least one set of distinct 
marks a, satisfying the specified conditions. As shown in the examples, such sets exist for 
p" = 5, 7,9, 11, and their number increases rapidly with p". By §§ 1, 2, there is a single set for 
p" = 3 or 4, as may now be verified directly. For example, for p" = 2°, the marks are 0, 1, j, 
j +1, where ? = j+1(mod2). Since j + 1 satisfies the same congruence, we may by choice 
of the notation, set a; = j, a, =j +1. Then (10) and the single condition (9) are satisfied, 
while (11), (12), (13) do not occur. _ 

¢ It is transformed into a complete set with the first dihedron » 012 34by (234). The 

analytic representation of (2 3 4) is 


2 = 32-27 —2z (mod 5). 
The group of the resulting complete set is therefore not linear. 
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6. The example p*=7. Now ay, a4, a; a5, a; form a permutation of 2, 
3, 4,5, 6. Conditions (9) give 


(9) a,=a,-—1, ag=a;—a3, a, = 4a; (mod 7). 


Conditions (11) for = 3, 4, 5 become (modulo 7) 


a;(4a;—a;)# a; —2a3;, or (4a;—1) (a; — 20, 
a;(4a;— a;) + fda, — 1, or (ag — 1) (4a; — — 1) #0, 
a;(a; —1) or — 2) 20. 


Hence a, + 2, a: + 2a;, a; ¢ 2a,;+2. The three conditions (12) become 


(4a; — a3)(a; — 2a; ~ 3) = 0, (4a; — 1) (a; — 2a, + 3) 0, 
(a; — 1)(a; — 4a, + 1) + O, 
whence a; + 4a;+ 5, a; 42. The three conditions (13) become 


(4a; — a3) (3a, 2a; — 1) 0, (4a; — (3a, 1) 0, 
da; —az,+a,—1 +7 0, 


the last being (10). Hence the only conditions on the a; are (9), (10), and 
a; #2, a; a; + 2, a; + 5. 
If a; = 3, then a; differs from 0, 1, 2, 3, 6, while a;= 4 gives ag= 3 =a, 


and is excluded. Proceeding similarly for a; =4, 5, 6, we obtain only the 
following admissible systems a;: 


a, a6 a; 
3 6 4 
4 2 6 
6 5 4 2 3 
6 2 5 4 


The second system leads to the complete set* 8, : 


* It is immediately identified with Judson’s example for 8 persons. 
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0143256 
Soo: 04251638 Soy: 4653102 
S30: 0352614 © 4235016 
Seo: 0216435 Sigs wo 4510623 
0561342 © 43801265 
Seo: © 0634521 3124605 
Mit © 1536204 Si3: 3406512 
2 1463025 83051426 
Si: 13820546 2640315 
© 1602453 © 2504136 
Noi: 1045632 Sos: 5412306 


The remaining three systems furnish complete sets different from the pre- 
ceding. Whether they are themselves distinct is not discussed here. 

7. The example p" = As the marks a, of the GF'[3*], we may take 
0,41, 4% 4¢+1,4¢—1, where =—1(mod 3). Then the only systems 
of solutions a; of (9), (10), (11), (12), (13) are found to be the four : 


4s as, a, a; ay a 
Fr-1 Ft Ft+1 42-1 +7 


8. Application of the isolated group H%. This group (2) has a self- 


conjugate subgroup ( of order 9 composed of the substitutions C, ), 2, F 
(given below) and their powers. We may form a table of the distinct sub- 
stitutions //7, with those of G in the first row (here printed as first column), 
the left-hand multipliers being J = identity, A, 4? = 7°, A’, B, Bb, AB, 
BA= 
(1) (2) (3) 

Identity =(abed)(efgh) <A*® (ac) (bd) (eq) (th) 
C =(aci)(bgh)(dfe) AC =(aghi)(cfhd) = (at) (bf) (dq) (eh) 
C? = (atc) (bhg) (def) = (ahfb)(cedi) = (be) (ct) (dh) (fg) 
D = (bdi)(agf)(che) AD = (adge)(bhei) A*D = (ah) (bi) (eg) (ef) 
IP = (bid) (afg)(ceh) AIP =(aidf)(bege) = (ae) (cf) (dt) (gh) 
E =(ige)(chf)(ahd) AE =(afec)(dhig) = (ab) (ch) (df) (gi) 
E* = (ieqg)(cfb) (adh)  Ak*= (achg)(bfie) A? = (af) (bh) (cd) 
F =(ifh)(cdg)(aeb) AF =(bdeh) (egy) APF = (ad) (bg) (ce) (fi) 
F? = (ihf)(ceqd) (abe) = (aeth)(bgfd) A? F?= (ag) (be) (de) (ht) 
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(4) (9) (6) 
AS =(adeb)(ehgf) B  =(ahef)(hgde) B’ (afch)(bedg) 
BC = (afi) (bege) BC =(abhi)(cegt) BSC = (aefi)(bdhe) 
BC? = (aegd ) (bich) BC? = (ayeh) (cdfi) BC? = (adbf) (eghi) 
ABD = (aibg)(edif) BD = (aede)(bfyi) = (beet) (dfhg) 
ABD? = (absh) (cide) BIP = (acgh)(idhe) = (agid) (bhfe) 
AWE (bhed) (cfiq) BE = (adig)(befh) BSE = (acde)(higf) 
ABE? = (ahie)(bdfy) BE? = (hiec)(fidgh) = (abge)(dieh) 
ABF = (aghe) (Leif) BF = (aife)(hdbc) BF = (aheq)(cifd) 
ASF? = (acef)(dgih) BF? = (athd)(hget) = (athh) (efge) 
(8) 

AB = (agce) (hfdh) AB = (aecy )(bhdf) 

ABC = (ahqi)(hecd) AB BC = (ade?) (chfq) 

ABC? = (abd) (cfer) ASBC?= (athe) (bgic) 

ABD = (afil)(degh) BBD = (acd) (behi) 

ABD = (hyef)(chid) BBP (ahhe)(daqfi) 

ABE = (aehf)(beiy) VBE = (aigh)(bdce) 

ABE? = (ated) (eqfh) ABBE*= (agdb)(cief) 

ABF = (achh)(dify) ASBF = (ahif)(dhge) 

ABF? = (adfc) (bihe) ASBF?= (hfeq)(cdih) 


We seek the conditions under which these 72 substitutions will give rise 
to a complete set Sy: of dihedrons each occurring under two notations (§1) 
as follows: 


(14) jopebyBaba, 


where j is a new (tenth) letter. We may assume that a and / occupy the 
second and third places, since //2, is doubly-transitive. The substitution 
which interchanges the two sets (14) is 


(15) T= (aa) (hp) (ae) (7). 


It must belong to //3 by hypothesis. It cannot be A?#, which inter- 
changes a and 4; nor A?/? which leaves 4 fixed; nor A2C? which leaves a 
fixed. Hence 7’ must be one of the remaining six of period 2: 


(16) A’, APC, AAD, APF, A*F?. 
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We consider here* only the case 7’'= A?. Then 


a=c, p=d, y=1, (ae) (Bo) = (eg) (fh). 

Now a +e, since A?/? replaces the triple abe by eba. Also e +e, when 
since replaces fede by defh. We consider in detail the case a= 4, 
5=h. Then the first dihedron (14) is jabgfihedc. Applying to it the 36 
substitutionst in the blocks (1), (2), (5), (7) of the above table, we obtain 
the following 36 dihedrons, written in the same order: 


Jahafihede 
Jegheabhdfi 
Jthhbhdcgfea 
Jgdfabecih 
Jfiagdchhe 
Jhfecgdiah 
Jdciheaghf 
Jeachfibgd 
Jbedihfacg 
Jbchgiefad 
Jdthhadecf 
Jhagbcefdie 
Jdhefbeagi 
Jtecadhygfh 
Jfbdegicha 
Jefatieqghdh 
jadicfhheg 
Jeafdadhaibe 


Jhqgdaichef 
jbhfeaigde 
Jgbeicahfd 
Jefigbhdca 
jceabfdeitha 
jdeahgbfic 
jathdefegh 
jtiegefdahh 
Jf dchhqgeat 
jJafedibahe 
jheifagebd 
jbdaechigf 
ifahibdgec 
jaqgebdifch 
jechagfhdi 
jthfhecdag 
jcehdg faeth 
Jdigqchebfa 


This set forms a complete set Si, as a tedious verificationt shows. 


Tue Universiry oF Cuicaco, 
Feprvary, 1904. 


* An exhaustive treatment should make use of normalizations by transformations within 
H"; so that only independent complete sets shall result. For instance, the 9 substitutions of 
period 2 are all conjugate within 7. 

+ These together with their products on the left by 7’ = A give the 72 distinct substitutions 
of H+, so that they give all the distioct dihedrons arising. 

¢ When so many dihedrons enter as here, the verification may best be made by listing all 
the forward and backward triples entering. Thus 


aj\b,c, d,e. ah fig, h i, 
are two of the 81 lines in the list for the present complete set. 
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Appenpum. (AtuGustT, 1904). 

9. From the conditions (§4) fora set of marks a; we may derive a more 
elegant set of equivalent conditions, by means of which the numerical compu- 
tations for a complete solution are greatly reduced. 

Conditions (10), (11), (12), (18) may be combined into the set 


— 8; a, 2 a; 


since ay = 0, ay = 1. Hence they are the conditions that the functions 
5) 


Si = (a; — a;) — @i) (i= my Me p* 2) 


shall be distinct. Sinee the a's are distinet, 0.1. Hence conditions 
(10)—(13) require merely that shall form a permutation of the 
marks = 0, 1. Set 


By induction it is readily shown that 
(a) + (¢ = 3, 4,°°°*, p"). 


Inde-d, the formula is true for ¢ = 5 since a; = ag + 4, = fi. Next, 


Ay > = + 
so that the formula is true for ¢ + 1 if true for’. It follows that 


From the latter it follows by induction from a; to a,+2 that 


k-1 
i] 


Finally, we obtain the conditions on the g,; resulting from (9). We note 
tirst that the set (%) is equivalent to the set 
— = 1, ap" — 4p, = 4544 — (7 = 2, 


the first being (9) for 7 = 1, and the second being derived by subtracting (9) 
for from (9) —1. In view of (a), these become 
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Tp» = l, Ty" —i-1 = (i= cee, q)- 
Hence we get 2, ¢). 


Dividing by F; we get 


(¢) Vi Ip» —i-1 = 1 (¢=1,2,---,q-1). 
Also F, = 1 becomes 
(d) 1 if p > Jo"-'- = 1 if p = 2, 


Evidently relations (c) and () are together equivalent to the set F’; = 1. 
Tutorem. Lvery set of distinct marks a, = 0, a, = 1, a; (i = 3, +++, p”) 

which satisfy conditions (9) — (13) can be determined as follows: If p>2, 

we take in succession as the g; [i= 1,°++, (p" — 3)] each* set of marks 


Sov which the p" — 3 marks 1/9; 1, +++, (p" — 3)) forma permuta- 


tion of all the marks 7 0,1, — 1, and take gy,» 1, = 1. We then compute the 
a; by (b), or more easily by (a). We retain only the sets in which the a; are 
all distinct. If p= 2, we take as the g; 2"—-'—1) each set of 
marks for which the 2" — 2 marks g;, 1/q; (¢= 1,°++,2"~-!'—1 form a per- 
mutation of all the marks #0, 1. 

For p" = 11, the computation was performed in about five hours, includ- 
ing repeated checking. The work was done in tabular form with columns 
headed 


We assign to g, the values 2, +--+, 9 in turn. Taking first g; = 2, we enter 6 
in the column headed gy since 2 - 6 = 1 (mod 11). Then gv, may take any ot 
the values 2, +++, 9 except 2 and 6. For each value of 7, except 5 and 4, we 
may exclude a certain value of 42, different from gy, and 1/4,, and determined 
so that ay = ay + 9, 72 = 0. The complete list of the 20 sets of distinct a;, and 
the values of 9), 72, J. J, leading to them, is as follows : 


* There are ( p" — 3) (p"— 5) (p" — 7) ++ +42 such sets. 
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2 3 5 8 
2 7 5 4 
2 9 4 8 
3 5 8 2 
3 i) 6 7 
4 6 5 7 

x 9 6 
5 3 8 2 
5 6 4 8 
6 3 5) 8 
6 5 8 4 
6 7 5 4 
7 3 5 2 
7 9 4 6 
8 2 5 3 
8 Hf) 4 6 
+ 6 7 
Hf) 6 3 7 
9 6 7 3 
9 7 3 2 
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ay 410 
7 8 
7 8 
4 6 7 
6 9 10 

10 2 3 
4 8 9 
2 3 
8 2 3 
4 9 10 
2 8 
10 
2 8 
5 6 

10 6 7 

10 7 8 
5 2 3 
7 a 6 
4 2 3 
7 6 
5 3 4 


As a further check, it was verified that each of the resulting 20 sets a, 
satisfies conditions (). 


Each set leads to a complete set Sj. 


44 
6 4 2 10 
| a 3. 6 10 9 ? 
Bias 10 5 2 x 
4 7 5 2 
4 9 6 7 5 
5 6 38 2 
5 4 6 W 
6 10 7 4 
6 38 2 5 7 
ma i 3 5 WwW 4 6 
7 5 6 3 4 
8 7 2 8 4 
3 6 4 | 
4 6 7 10 
10 2 4 3 4 
bik 7 | 
= 2 
| 


ON FUNCTIONS DEFINED BY AN INFINITE SERIES OF ANA- 
LYTIC FUNCTIONS OF A COMPLEX VARIABLE 


By M. B. Porter 


Ix the ANNALS OF Matuematics, ser. 2, vol. 3 (1901-02), p. 25, Pro 
fessor Osgood has proved among others the following theorem.* 
If the infinite series 


+ falz) + 
whose terms are all functions of z, single valued and analytic throughout a region 
T of the complex z-plane, converges for all values of z pertaining to a set of 
points which is everywhere dense throughout T (and which, in particular, may 
be enumerable), and tf furthermore, the relation 


Siz) + + + 
holds for all points z of this set (and hence of T), and for all values of n, G 
being a positive constant, then the series converges for all values of z in T and 
the function F(z) defined hy the series: 


F(z) =fi(z) + + 


is analytic throughout T. 

The purpose of this note is to prove by the elementary methods of the 
Cuuchy theory the following generalization of this theorem. 

If the infinite series 


+F2(2) + 


whose terms are all functions of z, single valued and analytic throughout a region 
T of the complex z-plane, converges for all values of z pertaining to a point set 
(a) whose limiting points are everywhere dense on a closed rectifiable contour 
C lying inside of T, and if the relation 


* For another proof of this theorem see a paper by Arzela in the ANNALS OF MATHEMATICS, 


ser. 2, vol. 5, p. 51 (1904). 
(45) 
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holds for all points z of T and for all values of n, G being a positive constant, 
then the series converges for all values of z in T and defines an analytic 
function of z in T. 
1. We shall first prove that 
S(z) = lim S,(2) = lim + + +++ 

converges uniformly forall the points of the contour C, Denote by p 4 0 
the lower limit of the distances of the points (@) to the boundary of 7. We 
have then, 


S,(z) = S,(a) + + lz—a| <p, 


where @ denotes any one of the points of the set (a), and where by Cauchy's 
inequality : 


| | 
p 
So that 
n=1,2,3,---, 
S,(2) — 8 (a)\< 
1 p | <p'<p, 
where .Y is fixed for all the set (a). 
Further 
[1] Sn + p(2) — S,,(2) < Si 4p(@) — 2M z2-a, 


3,3, 


If now z be a limiting point of (7), a@ can be so chosen that — 


Let a be so chosen and held fixed, then since lim S, (a) exists; an Vean be 


determined so that | 
|S, 4p(@) — S,(a)| < 
Thus — Salz) M> N, p= il, 8, 3,---, 


which shows that lim S, (z) = 8 ( z) exists (z as above stated denoting a 


«point of 
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That S(z) converges uniformly to its limit is shown thus; let Z denote 
a point of C' different from z such that 
<pl<p; 
then precisely as in (1) we show that 


| Sn +p (2) Sn + p(2) | < n+p(2) S,,(2) | + 2M z 
p=1,2,3,--- 
If now we choose z so that 


2M\z—2z| <> 


we get 
|S, 4 — <€ n>N, p=1,2,3,---, 


provided < 


which proves that S(z) converges uniformly on C. 

2. We shall now prove that S(z) converges and converges uniformly 
in any region lying inside of C and therefore hy a well known theorem repre- 
sents an analytic function in such region. 

To do this we shall need the following lemma, to which, though doubtless 
well known, I can give no reference in the literature. 

Lemma. Ifa series of functions 


+ faz) 
single valued and analytic inside a region S and continuous along the boundary 
C' of S, supposed rectifiable, converges uniformly along C,, then 


converges uniformly and represents an analytic function of z in any region 
lying inside of C. 
Proof. et t denote the affix of any point on C, Z any region inside ot 
C such that the minimum distance of the points of Z to the contour C' is ¢ + 0, 
and z any point of Z; then by Cauchy’s integral formula we have : 


= 1 


where S, (z) = (2); 
1 


| 
3 
he. 
Pid 
! Be. 
j 
it 
me 
Bee 
| 
| 


Ns 


| 


48 PORTER 
1 S,, (t) S, (0) 
< C <é, 


where C is the length of the contour (’, and where, since S(¢) = lim  S,(¢) 


a>. 


is uniformly convergent, a number .V can be found such that 
Snap (t) (0) <6, n> N. 


Thus ¢’ can be made as small as we please for all points of Z at once by a 
suitable choice of .V, which demonstrates the Lemma. 

The application of this lemma shows that the theorem stated at the 
beginning of §2 is true, and applying a well known theorem of Stieltje’s,® 
S(z) is seen to be analytic throughout the region 7. 

An examination of the foregoing proof shows that it is valid if the 
condition 


Byi(z)| < @ 
1 


is merely imposed for the part of 7’ lying outside of a region of the type 
styled Z in §2. 


University oF Texas, 
AusTIN, TEX. 


* See Ann. de la Faculté des Sciences de Toulouse, vol. 8 (1894), p. J. 56, or Professor 
Osgood’s paper above cited. 
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